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Abstract
In this article, we construct both the [sc]T [s¯c¯]A+[sc]A[s¯c¯]T type and [sc]T [s¯c¯]V − [sc]V [s¯c¯]T
type axialvector currents with JPC = 1++ to study the mass of theX(4140) with the QCD sum
rules. The predicted masses support assigning the X(4140) to be the [sc]T [s¯c¯]V − [sc]V [s¯c¯]T
type axialvector tetraquark state. Then we study the hadronic coupling constant gXJ/ψφ
with the QCD sum rules based on solid quark-hadron duality, and obtain the decay width
Γ(X(4140) → J/ψφ) = 86.9±22.6MeV, which is in excellent agreement with the experimental
data 83± 21+21
−14 MeV from the LHCb collaboration.
PACS number: 12.39.Mk, 12.38.Lg
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1 Introduction
In 2009, the CDF collaboration observed the X(4140) for the first time in the J/ψφ mass spectrum
in the exclusive B+ → J/ψ φK+ decays in pp¯ collisions with a statistical significance more than
3.8σ [1]. Then the X(4140) was confirmed by CDF, CMS, D0, LHCb collaborations [1, 2, 3,
4, 5, 6, 7]. The LHCb collaboration performed the first full amplitude analysis of the decays
B+ → J/ψφK+ and confirmed the two old particles X(4140) and X(4274) in the J/ψφ mass
spectrum with statistical significances 8.4σ and 6.0σ, respectively, and determined the spin-parity-
change-conjugation to be JPC = 1++ with statistical significances 5.7σ and 5.8σ, respectively
[6, 7]. In Table 1, we present the mass, width, JPC of the X(4140) from the different experiments.
Although the width from the LHCb collaboration [6, 7] differs from other measurements greatly,
the masses from different experiments are consistent with each other. The D∗sD¯
∗
s threshold is
4224.4MeV from the Particle Data Group [8], which leads to the possible molecule assignment for
the X(4140). The X(4140) was observed in the final state J/ψφ, its JPC = 0++, 1++, 2++ for the
S-wave couplings, and 0−+, 1−+, 2−+, 3−+ for the P-wave couplings. The most popular current
to interpolate the D∗s meson is Jα(x) = s¯(x)γαc(x), the most popular current to interpolate the
D∗sD¯
∗
s molecular states is Jαβ(x) = s¯(x)γαc(x)c¯(x)γβs(x). We can study the J
PC = 0++, 1−+,
2++, 1+−, 1−− D∗sD¯
∗
s molecular states with the QCD sum rules by using the suitable projectors.
The LHCb collaboration determined the quantum numbers of the X(4140) to be JPC = 1++,
which rules out the 0++ or 2++ D∗sD¯
∗
s molecule assignment, but does not rule out the existence of
the 0++ or 2++ D∗sD¯
∗
s molecular states.
The possible assignments for the X(4140) are tetraquark state [9, 10, 11, 12, 13], hybrid state
[14, 15] or rescattering effect [16], etc. In Ref.[9], F. Stancu calculates the mass spectrum of the
cc¯ss¯ tetraquark states via a simple quark model with chromomagnetic interaction, and obtain two
lowest masses 4195MeV and 4356MeV with JPC = 1++. The value 4195MeV is consistent with
the LHCb data 4146.5 ± 4.5+4.6−2.8 MeV [6, 7]. In the simple chromomagnetic interaction model,
there are no correlated quarks or diquarks [9]. In Ref.[11], R. F. Lebed and A. D. Polosa assign
the X(4140) to be the JPC = 1++ diquark-antidiquark state [cs]A[c¯s¯]S + [cs]S [c¯s¯]A based on the
effective Hamiltonian with the spin-spin and spin-orbit interactions, then in Ref.[12], L. Maiani,
A. D. Polosa and V. Riquer take the mass of the X(4140) as input parameter, and obtain the mass
spectrum of the cc¯ss¯ tetraquark states with positive parity, however, they observe that there is no
room for the X(4274), and suggest the X(4274) corresponds to two, almost degenerate, unresolved
lines with JPC = 0++ and 2++.
1E-mail: zgwang@aliyun.com.
1
Year Mass (MeV) Width (MeV) JPC Significance Experiment
2009 4143.0± 2.9± 1.2 11.7+8.3−5.0 ± 3.7 3.8 σ CDF [1]
2011 4143.4+2.9−3.0 ± 0.6 15.3+10.4−6.1 ± 2.5 5.0 σ CDF [2]
2013 4148.0± 2.4± 6.3 28+15−11 ± 19 5.0 σ CMS [3]
2013 4159.0± 4.3± 6.6 19.9± 12.6+3.0−8.0 3.1 σ D0 [4]
2015 4152.5± 1.7+6.2−5.4 16.3± 5.6± 11.4 4.7 σ D0 [5]
2016 4146.5± 4.5+4.6−2.8 83± 21+21−14 1++ 8.4 σ LHCb [6, 7]
Table 1: The mass, width, JPC of the X(4140) from the different experiments.
In the QCD sum rules, we usually take the diquarks (or correlations) and antidiquarks (or
correlations) as the basic constituents to construct the interpolating currents, the predictions can
be compared to that based on the diquark-antidiquark model directly [11, 12]. In the quantum field
theory, the diquark operators (or diquarks) εijkqTj CΓq
′
k have five structures in Dirac spinor space,
where the i, j and k are color indexes, CΓ = Cγ5, C, Cγµγ5, Cγµ and Cσµν for the scalar (S),
pseudoscalar (P ), vector (V ), axialvector (A) and tensor (T ) diquarks, respectively. The Cγ5 and
Cγµ diquark states have the spin-parity J
P = 0+ and 1+, respectively, the C and Cγµγ5 diquark
states have the spin-parity JP = 0− and 1−, respectively, the Cσµν and Cσµνγ5 diquark states
(or operators) have both the JP = 1+ and 1− components. The relevant diquark-antidiquark type
scalar, axialvector and tensor tetraquark states scs¯c¯ have been studied with the QCD sum rules
[10, 17, 18, 19, 20, 21, 22, 23], see Table 2.
In the QCD sum rules for the hidden-charm (or hidden-bottom) tetraquark states and molecular
states, the integrals ∫ s0
4m2Q(µ)
dsρQCD(s, µ) exp
(
− s
T 2
)
, (1)
are sensitive to the energy scales µ, where the ρQCD(s, µ) are the QCD spectral densities, the T
2
are the Borel parameters, the s0 are the continuum thresholds parameters, the predicted masses
depend heavily on the energy scales µ. In Refs.[24, 25], we suggest an energy scale formula
µ =
√
M2X/Y/Z − (2MQ)2 with the effective Q-quark mass MQ to determine the ideal energy
scales of the QCD spectral densities. The formula enhances the pole contributions remarkably, we
obtain the pole contributions as large as (40 − 60)% in Refs.[10, 17, 18, 19], otherwise, the pole
contributions are about 40% [20] or 20% [22, 23]. The energy scale formula also works well in the
QCD sum rules for the hidden-charm pentaquark states [26].
From Table 2, we can see that the [sc]S [s¯c¯]A+[sc]A[s¯c¯]S type axialvector current cannot repro-
duce the mass of the X(4140) if the pole dominance criterion is satisfied. If we take energy scale
formula µ =
√
M2X/Y/Z − (2Mc)2 and choose the updated value Mc = 1.82GeV [27], we can obtain
the optimal energy scales µ = 1.4GeV and 2.0GeV for the QCD spectral densities in the QCD
sum rules for the Zc(3900) and X(4140), respectively. In Ref.[19], we observe that the mass of the
X(4140) can be reproduced at the energy scale µ = 1.1GeV, a too low energy scale. The QCD
sum rules do no support assigning the X(4140) to be the [sc]S [s¯c¯]A + [sc]A[s¯c¯]S type axialvector
tetraquark state.
In this article, we construct the [sc]T [s¯c¯]A + [sc]A[s¯c¯]T type and [sc]T [s¯c¯]V − [sc]V [s¯c¯]T type
axialvector currents to study the mass of the X(4140) as the axialvector tetraquark state with the
QCD sum rules in details, then study the width of the X(4140) with the QCD sum rules based on
the solid quark-hadron duality.
The article is arranged as follows: we derive the QCD sum rules for the mass and width of
the X(4140) as axialvector tetraquark state in section 2 and in section 3 respectively; section 4 is
reserved for our conclusion.
2
JPC Structures OPE(No) mass(GeV) Assignment References
0++ [sc]A[s¯c¯]A 10 3.92/4.50 X(3915)/X(4500) [17]
0++ [sc]V [s¯c¯]V 10 4.70 X(4700) [17]
0++ [sc]A[s¯c¯]A 10 3.98 ? [10]
0++ [sc]S [s¯c¯]S 10 3.89/4.35 X(3915)/ ? [18]
0++ [sc]P [s¯c¯]P 10 5.48 ? [18]
1++ [sc]S [s¯c¯]A + [sc]A[s¯c¯]S 10 3.95 ? [19]
1++ [sc]P [s¯c¯]V + [sc]V [s¯c¯]P 10 5.00 ? [19]
1++ [sc]S [s¯c¯]A + [sc]A[s¯c¯]S 8(7) 4.07 X(4140) [20]
1++ [sc]S [s¯c¯]A + [sc]A[s¯c¯]S 8 4.18 X(4140) [22]
2++ [sc]A[s¯c¯]A 10 4.13 ?X(4140) [10]
Table 2: The masses of the scs¯c¯ tetraquark states relevant to theX(4140) from the QCD sum rules,
the OPE denotes truncations of the operator product expansion up to the vacuum condensates of
dimension n, the No denotes the vacuum condensates of dimension n′ are not included.
2 The mass of the X(4140) as the axialvector tetraquark
state
In the following, we write down the two-point correlation functions Πµµ′(p) in the QCD sum rules,
Πµµ′ (p) = i
∫
d4xeip·x〈0|T
{
Jµ(x)J
†
µ′ (0)
}
|0〉 , (2)
where Jµ(x) = J
1
µ(x), J
2
µ(x),
J1µ(x) =
εijkεimn√
2
[
sTj(x)Cσµνγ5c
k(x)s¯m(x)γνCc¯Tn(x) + sTj(x)Cγνck(x)s¯m(x)γ5σµνCc¯
Tn(x)
]
,
J2µ(x) =
εijkεimn√
2
[
sTj(x)Cσµνc
k(x)s¯m(x)γ5γ
νCc¯Tn(x) − sTj(x)Cγνγ5ck(x)s¯m(x)σµνCc¯Tn(x)
]
,
the i, j, k, m, n are color indexes. Under charge conjugation (parity) transform Ĉ (P̂ ), the currents
Jµ(x) have the properties,
ĈJµ(x)Ĉ
−1 = +Jµ(x) ,
P̂ Jµ(x)P̂
−1 = −Jµ(x˜) , (3)
the four vectors xµ = (t, ~x) and x˜µ = (t,−~x). The currents J1µ(x) and J2µ(x) couple potentially to
the [sc]T [s¯c¯]A+[sc]V [s¯c¯]A and [sc]T [s¯c¯]V −[sc]V [s¯c¯]T axialvector tetraquark states with JPC = 1++,
respectively. The tensor diquark operators have the properties,
P̂ εijksTj(x)Cσµνγ5c
k(x)P̂−1 = εijksTj(x˜)Cσµνγ5c
k(x˜) ,
P̂ εijksTj(x)Cσµνc
k(x)P̂−1 = −εijksTj(x˜)Cσµνck(x˜) , (4)
under parity transform, the tensor diquark operators couple potentially to both the JP = 1+ and
1− diquark states. We should project out the 1+ or 1− component by multiplying tensor diquark
operators by the axialvector antidiquark operator εimns¯m(x)γνCc¯Tn(x) or vector antidiquark op-
erator εimns¯m(x)γ5γ
νCc¯Tn(x).
At the phenomenological side, we insert a complete set of intermediate hadronic states with
the same quantum numbers as the current operators Jµ(x) into the correlation functions Πµµ′ (p)
3
to obtain the hadronic representation [28, 29], and isolate the ground state contributions,
Πµµ′ (p) =
λ2X
M2X − p2
(
−gµµ′ + pµpµ
′
p2
)
+ · · ·
= Π(p2)
(
−gµµ′ + pµpµ
′
p2
)
+ · · · , (5)
where the pole residues λX are defined by 〈0|Jµ(0)|X(p)〉 = λX εµ, the εµ are the polarization
vectors of the axialvector tetraquark states X .
Now we briefly outline the operator product expansion for the correlation functions Πµµ′ (p).
We contract the quark fields s and c in the correlation functions Πµµ′ (p) with Wick theorem, and
obtain the results,
Π1µµ′(p) = −
i
2
εijkεimnεi
′j′k′εi
′m′n′
∫
d4xeip·x{
Tr
[
σµνγ5S
kk′
c (x)γ5σµ′ν′CS
Tjj′ (x)C
]
Tr
[
γν
′
Sn
′n
c (−x)γνCSTm
′m(−x)C
]
+Tr
[
γνSkk
′
c (x)γ5σµ′ν′CS
Tjj′ (x)C
]
Tr
[
γν
′
Sn
′n
c (−x)γ5σµνCSTm
′m(−x)C
]
+Tr
[
σµνγ5S
kk′
c (x)γ
ν′CSTjj
′
(x)C
]
Tr
[
σµ′ν′γ5S
n′n
c (−x)γνCSTm
′m(−x)C
]
+Tr
[
γνSkk
′
c (x)γ
ν′CSTjj
′
(x)C
]
Tr
[
σµ′ν′γ5S
n′n
c (−x)γ5σµνCSTm
′m(−x)C
]}
,(6)
Π2µµ′(p) = −
i
2
εijkεimnεi
′j′k′εi
′m′n′
∫
d4xeip·x{
Tr
[
σµνS
kk′
c (x)σµ′ν′CS
Tjj′ (x)C
]
Tr
[
γν
′
γ5S
n′n
c (−x)γ5γνCSTm
′m(−x)C
]
+Tr
[
γνγ5S
kk′
c (x)σµ′ν′CS
Tjj′ (x)C
]
Tr
[
γν
′
γ5S
n′n
c (−x)σµνCSTm
′m(−x)C
]
+Tr
[
σµνS
kk′
c (x)γ5γ
ν′CSTjj
′
(x)C
]
Tr
[
σµ′ν′S
n′n
c (−x)γ5γνCSTm
′m(−x)C
]
+Tr
[
γνγ5S
kk′
c (x)γ5γ
ν′CSTjj
′
(x)C
]
Tr
[
σµ′ν′S
n′n
c (−x)σµνCSTm
′m(−x)C
]}
,(7)
where
Sij(x) =
iδij 6x
2π2x4
− δijms
4π2x2
− δij〈s¯s〉
12
+
iδij 6xms〈s¯s〉
48
− δijx
2〈s¯gsσGs〉
192
+
iδijx
2 6xms〈s¯gsσGs〉
1152
− igsG
a
αβt
a
ij(6xσαβ + σαβ 6x)
32π2x2
− δijx
4〈s¯s〉〈g2sGG〉
27648
− 1
8
〈s¯jσµνsi〉σµν + · · · , (8)
Sijc (x) =
i
(2π)4
∫
d4ke−ik·x
{
δij
6k −mc −
gsG
n
αβt
n
ij
4
σαβ(6k +mc) + (6k +mc)σαβ
(k2 −m2c)2
−g
2
s(t
atb)ijG
a
αβG
b
µν(f
αβµν + fαµβν + fαµνβ)
4(k2 −m2c)5
+ · · ·
}
, (9)
fλαβ = (6k +mc)γλ(6k +mc)γα(6k +mc)γβ(6k +mc) ,
fαβµν = (6k +mc)γα(6k +mc)γβ(6k +mc)γµ(6k +mc)γν(6k +mc) , (10)
and tn = λ
n
2 [29], then compute the integrals both in the coordinate space and in the momentum
space, and obtain the correlation functions Πµµ′ (p) (i.e. Π
1
µµ′(p) and Π
2
µµ′ (p)), therefore the QCD
4
spectral densities through dispersion relation ρ(s) = limε→0
ImΠ(s+iε)
π . For technical details, one
can consult Ref.[30].
Now we take the quark-hadron duality below the continuum thresholds s0 and perform Borel
transform with respect to the variable P 2 = −p2 to obtain the QCD sum rules:
λ2X exp
(
−M
2
X
T 2
)
=
∫ s0
4m2c
ds ρ(s) exp
(
− s
T 2
)
, (11)
where ρ(s) = ρTA(s) and ρTV (s) for the [sc]T [s¯c¯]A + [sc]V [s¯c¯]A and [sc]T [s¯c¯]V − [sc]V [s¯c¯]T axi-
alvector tetraquark states respectively,
ρTA(s) = ρ0(s) + ρ3(s) + ρ4(s) + ρ5(s) + ρ6(s) + ρ7(s) + ρ8(s) + ρ10(s) ,
ρTV (s) = ρTA(s) |mc→−mc , (12)
the subscripts i in the QCD spectral densities ρi(s) denote the dimensions of the vacuum conden-
sates,
ρ3(s) ∝ 〈s¯s〉 ,
ρ4(s) ∝ 〈αsGG
π
〉 ,
ρ5(s) ∝ 〈s¯gsσGs〉 ,
ρ6(s) ∝ 〈s¯s〉2 ,
ρ7(s) ∝ 〈s¯s〉〈αsGG
π
〉 ,
ρ8(s) ∝ 〈s¯s〉〈s¯gsσGs〉 ,
ρ10(s) ∝ 〈s¯gsσGs〉2 , 〈s¯s〉2〈αsGG
π
〉 , (13)
the lengthy expressions of the QCD spectral densities are given in Appendix.
We derive Eq.(11) with respect to τ = 1T 2 , then eliminate the pole residues λX to obtain the
QCD sum rules for the masses,
M2X = −
∫ s0
4m2c
ds ddτ ρ(s)e
−τs∫ s0
4m2c
dsρ(s)e−τs
. (14)
At the QCD side, we take the vacuum condensates to be the standard values 〈q¯q〉 = −(0.24±
0.01GeV)3, 〈s¯s〉 = (0.8 ± 0.1)〈q¯q〉, 〈s¯gsσGs〉 = m20〈s¯s〉, m20 = (0.8 ± 0.1)GeV2, 〈αsGGπ 〉 =
(0.33GeV)4 at the energy scale µ = 1GeV [28, 29, 31], and take the MS masses mc(mc) =
(1.275± 0.025)GeV and ms(µ = 2GeV) = (0.095± 0.005)GeV from the Particle Data Group [8].
Moreover, we take into account the energy-scale dependence of the quark condensate, mixed quark
condensate and MS masses from the renormalization group equation,
〈s¯s〉(µ) = 〈s¯s〉(Q)
[
αs(Q)
αs(µ)
] 12
33−2nf
,
〈s¯gsσGs〉(µ) = 〈s¯gsσGs〉(Q)
[
αs(Q)
αs(µ)
] 2
33−2nf
,
mc(µ) = mc(mc)
[
αs(µ)
αs(mc)
] 12
33−2nf
,
ms(µ) = ms(2GeV)
[
αs(µ)
αs(2GeV)
] 12
33−2nf
,
αs(µ) =
1
b0t
[
1− b1
b20
log t
t
+
b21(log
2 t− log t− 1) + b0b2
b40t
2
]
, (15)
5
T 2(GeV2)
√
s0(GeV) µ(GeV) pole M(GeV) λ(GeV
5)
J1µ(x) 4.4− 5.0 5.7± 0.1 3.7 (40− 60)% 5.20± 0.11 (2.01± 0.24)× 10−1
J2µ(x) 2.7− 3.3 4.7± 0.1 2.0 (41− 69)% 4.14± 0.10 (4.30± 0.85)× 10−2
Table 3: The Borel windows, continuum threshold parameters, ideal energy scales, pole contribu-
tions, masses and pole residues for the axialvector tetraquark states.
where t = log µ
2
Λ2 , b0 =
33−2nf
12π , b1 =
153−19nf
24π2 , b2 =
2857− 5033
9
nf+
325
27
n2f
128π3 , Λ = 210MeV, 292MeV and
332MeV for the flavors nf = 5, 4 and 3, respectively [8, 32], and evolve all the input parameters to
the typical energy scales µ satisfying the energy scale formula µ =
√
M2X/Y/Z − (2Mc)2 to extract
the masses of the axialvector tetraquark states.
We search for the optimal Borel parameters T 2 and threshold parameters s0 to satisfy the
following four criteria:
1. Pole dominance at the phenomenological side;
2. Convergence of the operator product expansion;
3. Appearance of the Borel platforms;
4. Satisfying the energy scale formula,
via try and error, and obtain the Borel windows T 2, threshold parameters s0, optimal energy scales
of the QCD spectral densities, and pole contributions of the ground states, see Table 3.
Now we take a short digression to illustrate how to impose the four criteria to choose the Borel
parameters T 2 and continuum threshold parameters s0. Firstly, we set MX = 3.9GeV tentatively,
and obtain the energy scale µ = 1.4GeV according to the energy scale formula. Then we take the
continuum threshold parameters to be
√
s0 = (3.9+0.5)GeV as the energy gap between the ground
state and the first radial excited state is about (0.4 − 0.6)GeV, and obtain the predicted masses
MX , pole contributions, and the contributions of the vacuum condensates of dimension 10. We
observe that the predicted masses MX are much larger than 3.9GeV and the pole contributions
are much smaller than 50% in the regions where the Borel platforms appear, furthermore, the
contributions of the vacuum condensates of dimension 10 are not small enough. Then we choose
the masses MX > 3.9GeV, say MX = 4.0GeV, 4.1GeV, · · · and reiterate the same procedure
until obtain the optimal Borel parameters T 2 and continuum threshold parameters s0 satisfying
the four criteria.
From Table 3, we can see that the pole dominance criterion is well satisfied. In calculations,
we observe that the contributions of the vacuum condensates of dimension 10 are ≪ 1% (about
1%) in the QCD sum rules for the current J1µ(x)(J
2
µ(x)), the operator product expansion is well
convergent. We take into account all uncertainties of the input parameters, and obtain the values
of the masses and pole residues of the axialvector tetraquark states, see Table 3 and Figs.1-2. From
Table 3, we can see that the energy scale formula is well satisfied. From Figs.1-2 and Table 3, we
can see that there appear platforms in the Borel windows. The four criteria are all satisfied, our
predictions are reliable.
From Table 3, we can see the predicted mass MX = 4.14 ± 0.10GeV for the [sc]T [s¯c¯]V −
[sc]V [s¯c¯]T axialvector tetraquark state is in excellent agreement with the experimental data 4146.5±
4.5+4.6−2.8MeV from the LHCb collaboration [6, 7], which supports assigning the X(4140) to be
the [sc]T [s¯c¯]V − [sc]V [s¯c¯]T tetraquark state with JPC = 1++. While the [sc]T [s¯c¯]A + [sc]V [s¯c¯]A
axialvector tetraquark state has a much larger mass than that of the X(4140).
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Figure 1: The masses of the axialvector tetraquark states with variations of the Borel parameters
T 2, where the (I) and (II) correspond to the currents J1µ(x) and J
2
µ(x), respectively.
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Figure 2: The pole residues of the axialvector tetraquark states with variations of the Borel
parameters T 2, where the (I) and (II) correspond to the currents J1µ(x) and J
2
µ(x), respectively.
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3 The width of the X(4140) as the axialvector tetraquark
state
We can study the two-body strong decayX(4140)→ J/ψφ with the three-point correlation function
Παβµ(p, q),
Παβµ(p, q) = i
2
∫
d4xd4yeipxeiqy〈0|T
{
JJ/ψα (x)J
φ
β (y)J
†
µ(0)
}
|0〉 , (16)
where the currents
JJ/ψα (x) = c¯(x)γαc(x) ,
Jφβ (y) = s¯(y)γβs(y) ,
Jµ(0) = J
2
µ(0) , (17)
interpolate the mesons J/ψ, φ(1020) and X(4140) respectively,
〈0|JJ/ψα (0)|J/ψ(p)〉 = fJ/ψmJ/ψξα ,
〈0|Jφβ (0)|φ(q)〉 = fφmφζβ , (18)
the fJ/ψ and fφ are the decay constants, the ξα and ζβ are polarization vectors of the mesons J/ψ
and φ(1020), respectively. In this section, we will use the notation mX in stead of MX for the
special case Jµ(0) = J
2
µ(0).
At the phenomenological side, we insert a complete set of intermediate hadronic states with
the same quantum numbers as the current operators J
J/ψ
α (x), J
φ
β (y), J
†
µ(0) into the three-point
correlation function Παβµ(p, q) and isolate the ground state contributions to obtain the result,
Παβµ(p, q) =
fφmφfJ/ψmJ/ψλXgXJ/ψφ
(m2X − p′2)(m2J/ψ − p2)(m2φ − q2)
ελτρθp′λ
(
−gµτ +
p′µp
′
τ
p′2
)(
−gαρ + pαpρ
p2
)
(
−gβθ + qβqθ
q2
)
+ · · ·
=
{
fφmφfJ/ψmJ/ψλXgXJ/ψφ
(m2X − p′2)(m2J/ψ − p2)(m2φ − q2)
+
1
(m2X − p′2)(m2J/ψ − p2)
∫ ∞
s0φ
dt
ρXφ′(p
′2, p2, t)
t− q2
+
1
(m2X − p′2)(m2φ − q2)
∫ ∞
s0
J/ψ
dt
ρXψ′(p
′2, t, q2)
t− p2
+
1
(m2J/ψ − p2)(m2φ − q2)
∫ ∞
s0X
dt
ρX′J/ψ(t, p
2, q2) + ρX′φ(t, p
2, q2)
t− p′2 + · · ·
}
(
εαβµλp
λ + · · · )+ · · · ,
= Π(p′2, p2, q2) εαβµλp
λ + · · · (19)
where p′ = p+ q, the gXJ/ψφ is the hadronic coupling constant defined by
〈J/ψ(p, ξ)φ(q, ζ)|X(p′, ε)〉 = igXJ/ψφ ελτρθp′λετ ξ∗ρζ∗θ , (20)
the four functions ρXφ′(p
′2, p2, t), ρXψ′(p
′2, t, q2), ρX′J/ψ(t
′, p2, q2) and ρX′φ(t
′, p2, q2) have com-
plex dependence on the transitions between the ground states and the higher resonances or the
continuum states.
In this article, we choose the tensor structure εαβµλp
λ to study the gXJ/ψφ to avoid the contam-
inations from the relevant scalar and pseudoscalar mesons according to the non-vanishing coupling
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constants,
〈0|JJ/ψα (0)|χc0(p)〉 = fχc0pα ,
〈0|Jφβ (0)|f0(q)〉 = ff0qβ ,
〈X0(p′)|J†µ(0)|0〉 = −i λX0 p′µ , (21)
where the fχc0 , ff0 and λX0 are the decay constants of the χc0(3414), f0(980) and X0(J
P = 0−),
respectively.
We introduce the parameters CXφ′ , CXψ′ , CX′φ and CX′J/ψ to parameterize the net effects,
CXφ′ =
∫ ∞
s0φ
dt
ρXφ′(p
′2, p2, t)
t− q2 ,
CXψ′ =
∫ ∞
s0
J/ψ
dt
ρXψ′(p
′2, t, q2)
t− p2 ,
CX′φ =
∫ ∞
s0X
dt
ρX′φ(t, p
2, q2)
t− p′2 ,
CX′J/ψ =
∫ ∞
s0X
dt
ρX′J/ψ(t, p
2, q2)
t− p′2 . (22)
Then the correlation function Π(p′2, p2, q2) on the phenomenological side can be written as
Π(p′2, p2, q2) =
fφmφfJ/ψmJ/ψλXgXJ/ψφ
(m2X − p′2)(m2J/ψ − p2)(m2φ − q2)
+
CXφ
(m2X − p′2)(m2J/ψ − p2)
+
CXJ/ψ
(m2X − p′2)(m2φ − q2)
+
CX′J/ψ + CX′φ
(m2J/ψ − p2)(m2φ − q2)
+ · · · . (23)
Now we carry out the operator product expansion up to the vacuum condensates of dimen-
sion 5 and neglect the tiny contributions of the gluon condensate. The correlation function
ΠQCD(p
′2, p2, q2) can be written as
ΠQCD(p
′2, p2, q2) =
∫ s0J/ψ
4m2c
ds
∫ u0φ
0
du
ρQCD(p
′2, s, u)
(s− p2)(u − q2) + · · · , (24)
through dispersion relation, where the ρQCD(p
′2, s, u) is the QCD spectral density,
ρQCD(p
′2, s, u) = lim
ǫ2→0
lim
ǫ1→0
Ims ImuΠQCD(p
′2, s+ iǫ2, u+ iǫ1)
π2
, (25)
we introduce the subscript QCD to denote the QCD side.
We rewrite the correlation function ΠH(p
′2, p2, q2) on the hadron side as
ΠH(p
′2, p2, q2) =
∫ s0X
(mJ/ψ+mφ)2
ds′
∫ s0J/ψ
4m2c
ds
∫ u0φ
0
du
ρH(s
′, s, u)
(s′ − p′2)(s− p2)(u− q2) + · · · , (26)
through dispersion relation, where the ρH(s
′, s, u) is the hadronic spectral density,
ρH(s
′, s, u) = lim
ǫ3→0
lim
ǫ2→0
lim
ǫ1→0
Ims′ Ims Imu ΠH(s
′ + iǫ3, s+ iǫ2, u+ iǫ1)
π3
, (27)
we introduce the subscript H to denote the hadron side. However, on the QCD side, the QCD
spectral density ρQCD(s
′, s, u) does not exist,
ρQCD(s
′, s, u) = lim
ǫ3→0
lim
ǫ2→0
lim
ǫ1→0
Ims′ Ims ImuΠQCD(s
′ + iǫ3, s+ iǫ2, u+ iǫ1)
π3
= 0 , (28)
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because
lim
ǫ3→0
Ims′ ΠQCD(s
′ + iǫ3, p
2, q2)
π
= 0 . (29)
We math the hadron side of the correlation function with the QCD side of the correlation
function, and carry out the integral over ds′ firstly to obtain the solid duality [33],∫ s0
∆2s
ds
∫ u0
∆2u
du
ρQCD(p
′2, s, u)
(s− p2)(u − q2) =
∫ s0
∆2s
ds
∫ u0
∆2u
du
1
(s− p2)(u− q2)
[∫ ∞
∆2
ds′
ρH(s
′, s, u)
s′ − p′2
]
,
(30)
the ∆2s and ∆
2
u denote the thresholds 4m
2
c and 0, the ∆
2 denotes the threshold (mJ/ψ + mφ)
2.
Now we write the quark-hadron duality explicitly,∫ s0J/ψ
4m2c
ds
∫ u0φ
0
du
ρQCD(p
′2, s, u)
(s− p2)(u− q2) =
∫ s0J/ψ
4m2c
ds
∫ u0φ
0
du
∫ ∞
(mJ/ψ+mφ)2
ds′
ρH(s
′, s, u)
(s′ − p′2)(s− p2)(u − q2)
=
fφmφfJ/ψmJ/ψλXgXJ/ψφ
(m2X − p′2)(m2J/ψ − p2)(m2φ − q2)
+
CX′J/ψ + CX′φ
(m2J/ψ − p2)(m2φ − q2)
.
(31)
No approximation is needed, we do not need the continuum threshold parameter s0X in the s
′
channel. The present approach was introduced in Ref.[33].
In numerical calculations, we take the functions CXφ′ , CXψ′ , CX′φ and CX′J/ψ as free parame-
ters, and choose the suitable values to eliminate the contaminations from the higher resonances and
continuum states to obtain the stable QCD sum rules with the variations of the Borel parameters.
We set p′2 = p2 and perform the double Borel transform with respect to the variables P 2 = −p2
and Q2 = −q2, respectively to obtain the QCD sum rules,
fφmφfJ/ψmJ/ψλXgXJ/ψφ
m2X −m2J/ψ
[
exp
(
−
m2J/ψ
T 21
)
− exp
(
−m
2
X
T 21
)]
exp
(
−m
2
φ
T 22
)
+
(
CX′J/ψ + CX′φ
)
exp
(
−
m2J/ψ
T 21
− m
2
φ
T 22
)
= − 1
16
√
2π4
∫ s0J/ψ
4m2c
ds
∫ s0φ
0
duu
√
1− 4m
2
c
s
(
mc − ms
2
− msm
2
c
s
)
exp
(
− s
T 21
− u
T 22
)
+
msmc〈s¯s〉
2
√
2π2
∫ s0J/ψ
4m2c
ds
√
1− 4m
2
c
s
exp
(
− s
T 21
)
−〈s¯gsσGs〉
36
√
2π2
∫ s0J/ψ
4m2c
ds
√
1− 4m
2
c
s
s+ 2m2c
s
exp
(
− s
T 21
)
−msmc〈s¯gsσGs〉
24
√
2π2T 22
∫ s0J/ψ
4m2c
ds
√
1− 4m
2
c
s
exp
(
− s
T 21
)
−msmc〈s¯gsσGs〉
16
√
2π2
∫ s0J/ψ
4m2c
ds
1√
s2 − 4sm2c
exp
(
− s
T 21
)
. (32)
In calculations, we observe that there appears divergence due to the endpoint s = 4m2c , we can
avoid the endpoint divergence with the simple replacement 1√
s2−4sm2c
→ 1√
s2−4sm2c+4m
2
sGeV
2
by
adding a small squared s-quark mass 4m2s.
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Figure 3: The hadronic coupling constant gXJ/ψφ with variation of the Borel parameter T
2.
The hadronic parameters are taken as mφ = 1.019461GeV, mJ/ψ = 3.0969GeV [8], fJ/ψ =
0.418GeV [34], fφ = 0.253GeV,
√
s0φ = 1.5GeV [35],
√
s0J/ψ = 3.6GeV, MX = 4146.5MeV [6, 7],
λX = 4.30× 10−2GeV5. At the QCD side, we take the energy scale of the QCD spectral density
to be µ = 2GeV, just like in the two-point QCD sum rules. Then we set the Borel parameters
to be T 21 = T
2
2 = T
2 for simplicity. The unknown parameters are chosen as CX′J/ψ + CX′φ =
−0.00261GeV7 to obtain platform in the Borel window T 2 = (3.6− 4.6)GeV2.
In Fig.3, we plot the hadronic coupling constant gXJ/ψφ with variation of the Borel parameter
T 2. From the figure, we can see that there appears platform in the Borel window indeed. After
taking into account the uncertainties of the input parameters, we obtain the hadronic coupling
constant gXJ/ψφ,
gXJ/ψφ = −(2.23± 0.29) . (33)
Now it is easy to obtain the decay width,
Γ(X(4140)→ J/ψφ) = p
(
mX ,mJ/ψ,mφ
)
24πm2X
g2XJ/ψφ

(
m2X −m2φ
)2
2m2J/ψ
+
(
m2X −m2J/ψ
)2
2m2φ
+4m2X −
m2J/ψ +m
2
φ
2
}
= 86.9± 22.6MeV , (34)
where p(a, b, c) =
√
[a2−(b+c)2][a2−(b−c)2]
2a . The width Γ(X(4140) → J/ψφ) = 86.9 ± 22.6MeV is
in excellent agreement with the experimental data 83± 21+21−14 MeV from the LHCb collaboration
[6, 7]. The present work supports assigning the X(4140) to be the [sc]T [s¯c¯]V −[sc]V [s¯c¯]T tetraquark
state with JPC = 1++.
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4 Conclusion
In this article, we construct both the [sc]T [s¯c¯]A + [sc]A[s¯c¯]T type and [sc]T [s¯c¯]V − [sc]V [s¯c¯]T type
axialvector currents with JPC = 1++ to study the mass of the X(4140) with the QCD sum rules
by carrying out the operator product expansion up to the vacuum condensates of dimension 10
and take the energy scale formula µ =
√
M2X/Y/Z − (2Mc)2 to determine the ideal energy scales
of the QCD spectral densities. The predicted masses support assigning the X(4140) to be the
[sc]T [s¯c¯]V − [sc]V [s¯c¯]T type axialvector tetraquark state. Then we calculate the hadronic coupling
constant gXJ/ψφ with the QCD sum rules based on the solid quark-hadron duality, and obtain
the decay width Γ(X(4140) → J/ψφ) = 86.9 ± 22.6MeV, which is in excellent agreement with
the experimental data 83 ± 21+21−14 MeV from the LHCb collaboration. In summary, the present
work supports assigning the X(4140) to be the [sc]T [s¯c¯]V − [sc]V [s¯c¯]T type tetraquark state with
JPC = 1++.
Appendix
The explicit expressions of the QCD spectral densities ρ0(s), ρ3(s), ρ5(s), ρ6(s), ρ7(s), ρ8(s) and
ρ10(s),
ρ0(s) =
3
1024π6
∫
dydz yz (1− y − z)2 (s−m2c)3 (5s−m2c)
− m
2
c
768π6
∫
dydz (5 + y + z) (1− y − z)2 (s−m2c)3
−3msmc
256π6
∫
dydz y (1− y − z)2 (s−m2c)2 (3s−m2c) , (35)
ρ3(s) =
mc〈s¯s〉
32π4
∫
dydz y (1− y − z) (s−m2c) (7s− 3m2c)
+
ms〈s¯s〉
32π4
∫
dydz yz
(
s−m2c
) (
23s− 9m2c
)
−msm
2
c〈s¯s〉
16π4
∫
dydz (7 + y + z)
(
s−m2c
)
, (36)
12
ρ4(s) =
m2c
1152π4
〈αsGG
π
〉
∫
dydz
[
y2 + (z − 1) y − 9z] (1− y − z)2
y2
(
2s−m2c
)
+
m2c
96π4
〈αsGG
π
〉
∫
dydz
(1− y − z)2
y2
[ys
2
− (1− y) (s−m2c)]
+
m2c
576π4
〈αsGG
π
〉
∫
dydz
(1− y − z)3 (1− y)
y2
(
s−m2c
)
+
msm
3
c
256π4
〈αsGG
π
〉
∫
dydz
(1− y − z)2
y2
[
1 +
2s
3
δ
(
s−m2c
)]
+
msmc
128π4
〈αsGG
π
〉
∫
dydz
z (1− y − z)2
y2
[(
3y
2
− 1
)(
s−m2c
)− 2s
3
+
11ys
6
+
ys2
3
δ
(
s−m2c
)]
+
1
1536π4
〈αsGG
π
〉
∫
dydz
[
(1− y − z)2 + 2yz
]
s
(
s−m2c
)
+
m2c
3072π4
〈αsGG
π
〉
∫
dydz
(6y + 3z + 9) (1− y − z)
y
(
s−m2c
)
+
msmc
512π4
〈αsGG
π
〉
∫
dydz
(2z − 3y) (1− y − z)
y
(
5s− 3m2c
)
+
msmc
3072π4
〈αsGG
π
〉
∫
dydz
(1− y − z)2
z
(
5s− 3m2c
)
− m
2
c
512π4
〈αsGG
π
〉
∫
dydz
(
s−m2c
)
− 7m
2
c
3072π4
〈αsGG
π
〉
∫
dydz
(1− y − z)2
yz
(
s−m2c
)
+
13m2c
18432π4
〈αsGG
π
〉
∫
dydz
(1− y − z)3
yz
(
s−m2c
)
, (37)
ρ5(s) = −mc〈s¯gsσGs〉
64π4
∫
dydz y
(
5s− 3m2c
)
−ms〈s¯gsσGs〉
32π4
∫
dy y (1− y) (7s− 4m˜2c)
+
11msm
2
c〈s¯gsσGs〉
96π4
∫
dy − msm
2
c〈s¯gsσGs〉
96π4
∫
dydz
+
mc〈s¯gsσGs〉
768π4
∫
dydz
5y2 − 3 (z + 2) y − 9 (z − 1) z
y
(
5s− 3m2c
)
−ms〈s¯gsσGs〉
256π4
∫
dydz z
(
5s− 3m2c
)
, (38)
ρ6(s) = −〈s¯s〉
2
12π2
∫
dy y (1− y) (5s− 3m˜2c)+ m2c〈s¯s〉24π2
∫
dy
+
msmc〈s¯s〉2
8π2
∫
dy y
[
1 +
2s
3
δ
(
s− m˜2c
)]
, (39)
13
ρ7(s) = −m
3
c〈s¯s〉
288π2
〈αsGG
π
〉
∫
dydz
(1− y − z)
y2
(
1 +
2s
T 2
)
δ
(
s−m2c
)
+
mc〈s¯s〉
16π2
〈αsGG
π
〉
∫
dydz
z (1− y − z)
y2
[
1
3
− y
2
+
(
2s
9
− 7ys
18
− ys
2
9T 2
)
δ
(
s−m2c
)]
−msm
2
c〈s¯s〉
72π2
〈αsGG
π
〉
∫
dydz
z
y2
(
1 +
7s
2T 2
)
δ
(
s−m2c
)
−msm
2
c〈s¯s〉
18π2
〈αsGG
π
〉
∫
dydz
1
y2
(
2− y − ys
T 2
)
δ
(
s−m2c
)
+
msm
2
c〈s¯s〉
72π2
〈αsGG
π
〉
∫
dydz
(1− y − z) (1− y)
y2
δ
(
s−m2c
)
−msm
2
c〈s¯s〉
144π2T 2
〈αsGG
π
〉
∫
dydz
(1− y − z)
y
s δ
(
s−m2c
)
+
mc〈s¯s〉
128π2
〈αsGG
π
〉
∫
dydz
3y − 2z
y
[
1 +
2s
3
δ
(
s−m2c
)]
+
ms〈s¯s〉
768π2
〈αsGG
π
〉
∫
dy s δ
(
s− m˜2c
)
−msm
2
c〈s¯s〉
768π2
〈αsGG
π
〉
∫
dydz
1
y
δ
(
s−m2c
)
−mc〈s¯s〉
384π2
〈αsGG
π
〉
∫
dydz
(1− y − z)
z
[
1 +
2s
3
δ
(
s−m2c
)]
+
ms〈s¯s〉
128π2
〈αsGG
π
〉
∫
dydz
[
1 +
8s
9
δ
(
s−m2c
)]
−msm
2
c〈s¯s〉
2304π2
〈αsGG
π
〉
∫
dydz
25 + 13y + 13z
yz
δ
(
s−m2c
)
+
mc〈s¯s〉
192π2
〈αsGG
π
〉
∫
dy y
[
1 +
2s
3
δ
(
s− m˜2c
)]
+
ms〈s¯s〉
32π2
〈αsGG
π
〉
∫
dy y (1− y)
[
1 +
(
7s
9
+
2s2
9T 2
)
δ
(
s− m˜2c
)]
−msm
2
c〈s¯s〉
96π2
〈αsGG
π
〉
∫
dy
(
1 +
s
T 2
)
δ
(
s− m˜2c
)
, (40)
ρ8(s) =
〈s¯s〉〈s¯gsσGs〉
8π2
∫
dy y (1− y)
[
3 +
(
7s
3
+
2s2
3T 2
)
δ
(
s− m˜2c
)]
−m
2
c〈s¯s〉〈s¯gsσGs〉
8π2
∫
dy
(
1 +
s
T 2
)
δ
(
s− m˜2c
)
−5msmc〈s¯s〉〈s¯gsσGs〉
144π2
∫
dy y
(
1 +
3s
2T 2
+
s2
T 4
)
δ
(
s− m˜2c
)
+
〈s¯s〉〈s¯gsσGs〉
128π2
∫
dy
[
1 +
2s
3
δ
(
s− m˜2c
)]
+
msmc〈s¯s〉〈s¯gsσGs〉
128π2
∫
dy
1− y
y
(
1 +
2s
T 2
)
δ
(
s− m˜2c
)
−msmc〈s¯s〉〈s¯gsσGs〉
192π2
∫
dy
(
1 +
2s
T 2
)
δ
(
s− m˜2c
)
, (41)
14
ρ10(s) = −〈s¯gsσGs〉
2
32π2
∫
dy y (1− y)
{
1 +
4s
3T 2
+
5s2
6T 4
− s
3
6T 6
)
δ
(
s− m˜2c
)
−msmc〈s¯gsσGs〉
2
288π2T 2
∫
dy y
(
1 +
s
T 2
+
s2
2T 4
− s
3
T 6
)
δ
(
s− m˜2c
)
−m
2
c〈s¯s〉2
108T 2
〈αsGG
π
〉
∫
dy
(1− y)
y2
(
1− 2s
T 2
)
δ
(
s− m˜2c
)
−m
2
c〈s¯s〉2
18T 2
〈αsGG
π
〉
∫
dy
1
y2
(
1− ys
2T 2
)
δ
(
s− m˜2c
)
+
msm
3
c〈s¯s〉2
144T 4
〈αsGG
π
〉
∫
dy
1
y2
(
1− 2s
3T 2
)
δ
(
s− m˜2c
)
+
msmc〈s¯s〉2
216T 2
〈αsGG
π
〉
∫
dy
1− y
y2
(
y
2
− 1 + 2s
T 2
+
ys
2T 2
− ys
2
T 4
)
δ
(
s− m˜2c
)
+
msmc〈s¯s〉2
1728T 2
〈αsGG
π
〉
∫
dy
1
1− y
(
1− 2s
T 2
)
δ
(
s− m˜2c
)
−〈s¯s〉
2
576
〈αsGG
π
〉
∫
dy
(
1− 2s
T 2
)
δ
(
s− m˜2c
)
−〈s¯gsσGs〉
2
768π2
∫
dy
(
1 +
3s
2T 2
+
s2
T 4
)
δ
(
s− m˜2c
)
+
msmc〈s¯gsσGs〉2
768π2T 2
∫
dy
1− y
y
(
1 +
s
T 2
− 2s
2
T 4
)
δ
(
s− m˜2c
)
−msmc〈s¯gsσGs〉
2
1152π2T 2
∫
dy
(
1 +
s
T 2
− 2s
2
T 4
)
δ
(
s− m˜2c
)
+
7〈s¯gsσGs〉2
27648π2
∫
dy
(
1 +
2s
T 2
)
δ
(
s− m˜2c
)
−〈s¯s〉
2
36
〈αsGG
π
〉
∫
dy y (1− y)
(
1 +
4s
3T 2
+
5s2
6T 4
− s
3
6T 6
)
δ
(
s− m˜2c
)
−msmc〈s¯s〉
2
432T 2
〈αsGG
π
〉
∫
dy y
(
1 +
s
T 2
+
s2
2T 4
− s
3
T 6
)
δ
(
s− m˜2c
)
, (42)
where
∫
dydz =
∫ yf
yi
dy
∫ 1−y
zi
dz, yf =
1+
√
1−4m2c/s
2 , yi =
1−
√
1−4m2c/s
2 , zi =
ym2c
ys−m2c
, m2c =
(y+z)m2c
yz ,
m˜2c =
m2c
y(1−y) ,
∫ yf
yi
dy → ∫ 1
0
dy,
∫ 1−y
zi
dz → ∫ 1−y
0
dz, when the δ functions δ
(
s−m2c
)
and δ
(
s− m˜2c
)
appear.
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